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Abstract
The µ-τ reflection symmetry is compatible with current neutrino oscillation data and easily
realized under family symmetries. We prove that this symmetry preserves θ23 = 45◦, δ = ±90◦,
ρ, σ = 0, 90◦, and can be embedded into the seesaw mechanism. The µ-τ reflection symmetry
preserved at a high energy scale ΛFS will be broken by radiative corrections and result in deviations
of θ23 from 45◦ and δ from ±90◦ at the electroweak scale. We develop an analytical method to
derive the corrections to all the mixing parameters. We perform a numerical analysis in the MSSM
for δ = −90◦ at ΛFS, and observe that θ23 > 45◦ in the normal mass ordering, θ23 < 45◦ in the
inverted mass ordering, and the sizable correction to δ prefers a negative sign. These deviations
have definite directions and can be tested in the future neutrino oscillation experiments.
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1 Introduction
Although neutrino oscillation experiments have greatly developed our knowledge of neutrino masses
and lepton flavor mixing [1], there are still some mysteries: the neutrino mass ordering (normal
m1 < m2 < m3 or inverted m3 < m1 < m2), the octant of the atmospheric mixing angle θ23 (θ23 < 45◦
or θ23 > 45◦) and the value of the Dirac CP-violating phase δ. The undergoing and upcoming neutrino
oscillation experiments aim to solve these problems.
Physicists have made much effort for understanding the lepton flavor mixing. A µ-τ exchange
symmetry under the transformation νµL ↔ ντL is often assumed [2]. Under this symmetry, the
Majorana neutrino mass matrix takes the form
Mν =
 a b bb c d
b d c
 (1)
in the flavor basis where the charged lepton mass matrix is diagonal. It simultaneously results in
θ23 = 45◦ and θ13 = 0. More symmetries imposed on the mass texture in Eq. (1) can lead to the
bimaximal mixing [3], tri-bimaximal mixing [4], et al.
Combining the µ-τ exchange symmetry with CP symmetry, we achieve the following texture:
Mν =
 a b b∗b c d
b∗ d c∗
 . (2)
It was first suggested and realized in the family symmetry A4 by Babu, Ma, and Valle [5]. This texture
is invariant under a combination of the µ-τ exchange and CP conjugate transformations [6]:
νeL → νceL , νµL → νcτL , ντL → νcµL , (3)
which is regarded as a typical kind of generalized CP transformations [7, 8]. In Ref. [9], Harrison
and Scott gave it the name “µ-τ reflection”. Although only Dirac neutrinos were assumed in their
original paper, the concept of µ-τ reflection has been inherited and used in the literature, e.g., see
[7, 10]. In Ref. [11], it is also called the generalized µ-τ transformation. The observation of a sizable
reactor angle θ13 ' 8.8◦ [12] and the hint for the maximal CP violation δ ∼ −90◦ [13] indicate that the
µ-τ reflection symmetry may be an approximate symmetry in the neutrino sector [14]. Later we will
prove that θ23 = 45◦, δ = ±90◦, and ρ, σ = 0, 90◦ must be required by the µ-τ reflection symmetry,
and θ12 and θ13 are left arbitrary. One can further constrain θ12 and θ13 by requiring more relations,
e.g., the connection with TM1 and TM2 [15]. More discussions on the µ-τ reflection symmetry in the
general case can be found in Ref. [16].
The µ-τ reflection symmetry can be realized under family symmetries. Typically in the framework
of generalized CP symmetries [7], it is easily realized by requiring a combination of the family sym-
metry and CP symmetry Gf o CP breaking to remnant symmetries Zn and Z2 × CP in the charged
lepton and neutrino sectors, respectively. In addition, θ12 and θ13 are constrained and dependent
upon a single parameter. There are a lot of model-independent analyses of how to derive this sym-
metry in A4 [17], S4 [8, 18], ∆(48) [19], and ∆(96) [20]. For explicit models constructed in generalized
CP, please see [17, 18, 21, 22]. The Friedberg-Lee symmetry can also lead to this mass texture and
constrain the mixing angles θ12 and θ13 [23].
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The renormalization group (RG) running effect will contribute to the neutrino mass matrix and
modify mass eigenvalues and mixing parameters [24, 25, 26, 27]. Even if the µ-τ reflection symmetry
is explicitly preserved at a high energy scale, it must be broken due to the RG equations running
down to a low energy scale. And the mixing angle θ23 and the Dirac phase δ deviate from 45◦ and
±90◦, respectively. Recently, the RG running effect of a µ-τ symmetry at the PMNS matrix level
has been shown schematically [28]. In their paper, the assumption of the PMNS matrix elements
|Uµi| = |Uτi| (for i = 1, 2, 3) has been made, which results in θ23 = 45◦, δ = ±90◦ but leaves ρ, σ
arbitrary. In the present paper, we will give a general discussion of µ-τ reflection symmetry and an
analytical description of its RG running effects.
The rest of our paper is organized as follows. Section 2 is devoted to the basic feature of flavor
mixing in the µ-τ reflection symmetry and an extended discussion of how to embed it to the seesaw
mechanism. In section 3, we systematically analyze the RG running effects in both analytical and
numerical approaches. In general, these effects can be divided into two parts: µ-τ symmetric and
anti-symmetric. We summarize our results in section 4.
2 µ-τ reflection symmetry
2.1 Flavor mixing
Given any neutrino mass matrix Mν in the form of Eq. (2) that preserves the µ-τ reflection symmetry,
we do the following transformation
U†23MνU
∗
23 =
 a
√
2Im(b)
√
2Re(b)√
2Im(b) d− Re(c) Im(c)√
2Re(b) Im(c) d+ Re(c)
 (4)
with
U23 =
 1 0 00 i√2 1√2
0 −i√
2
1√
2
 (5)
and “Re” and “Im” denoting the real and imaginary parts, respectively. We see that the RHS of Eq. (4)
is a real matrix. It can be diagonalized by a real orthogonal matrix O with
O =
 η1 0 00 η2 0
0 0 η3

 1 0 00 c1 s1
0 −s1 c1

 c2 0 s20 1 0
−s2 0 c2

 c3 s3 0−s3 c3 0
0 0 1
 , (6)
in which ci = cos θi and si = sin θi. Here η1,2,3 = ±1 are used to guarantee 0 6 θi 6 90◦. The
diagonalized mass matrix can be presented by
OTU†23MνU
∗
23O = M̂ν ≡ η′diag{ηρm1, ησm2, m3} , (7)
where mi are the absolute neutrino masses in the neutrino mass eigenstates, and η′, ηρ,σ = ±1 are
used to guarantee positive masses mi > 0.
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Based on the above discussion, we can derive the PMNS matrix which is compatible with µ-τ
reflection symmetry
U(ΛFS) = U23O
√
η′diag{√ηρ, √ησ, 1}
= η3
√
η′

η1
η3
0 0
0 eiθ1 0
0 0 e−iθ1

 1 0 00 1√2 1√2
0 −1√
2
1√
2

 c2 0 s20 −iη 0
−s2 0 c2

 c3 s3 0−s3 c3 0
0 0 1


√
ηρ 0 0
0
√
ησ 0
0 0 1
 , (8)
where ηδ = −η2/η3 = ±1. We use the convention of the PMNS matrix as follows:
U =
 1 0 00 c23 s23
0 −s23 c23

 c13 0 s130 e−iδ 0
−s13 0 c13

 c12 s12 0−s12 c12 0
0 0 1

 eiρ 0 00 eiσ 0
0 0 1
 , (9)
where cij = cos θij, sij = sin θij, δ is the Dirac CP-violating phase, ρ, σ are Majorana CP-violating
phases, and −180◦ 6 δ < 180◦, 0 6 ρ, σ < 180◦ are required. Comparing Eq. (8) with this convention
and ignoring the unphysical phases, we obtain the predicted lepton mixing parameters
θ23 = 45◦ , δ = ηδ90◦ = ±90◦ , θ12 = θ3 , θ13 = θ2 ,
ρ = arg
√
ηρ =
{
0, ηρ = +1
90◦, ηρ = −1 , σ = arg
√
ησ =
{
0, ησ = +1
90◦, ησ = −1 , (10)
exactly. We see that if the neutrino mass matrix maintains the µ-τ reflection symmetry, θ23 and all
the CP-violating phases δ, ρ, σ take definite values. The parameters ηδ, ηρ, ησ = ±1 have physical
meaning and the two discrete values ±1 cannot be determined by the symmetry. Finally, θ1 becomes
an unphysical phase which can be rotated away by redefinition of the phases of charged leptons.
We would like to emphasize the phenomenological importance of the µ-τ reflection symmetry. The
atmospheric mixing angle θ23 = 45◦ and the Dirac phase δ = −90◦ are not far away from their best-fit
values of current global-fit data of neutrino oscillations, and they keep unchanged when constant
matter effects are taken into account for long-baseline neutrino oscillation experiments due to the
Toshev relation [29, 30]. The Majorana phases ρ, σ are fixed at 0 or 90◦, which reduce the parameter
space of the effective neutrino mass term 〈m〉ee in neutrinoless double-beta decay experiments.
2.2 µ-τ reflection under the seesaw mechanism
To explain tiny neutrino masses, we take account of the type-I seesaw mechanism. This subsection is
devoted to an approach which combines the µ-τ reflection symmetry with the type-I seesaw mecha-
nism. We give the neutrino mass terms in the basis where the charged lepton mass matrix is diagonal,
−Lmass = νLMDNR + 12N
c
RMRNR + h.c. , (11)
in which νL = (νeL, νµL, ντL)
T, NR = (NxR, NyR, NzR)
T are the left-handed and right-handed neutrinos,
respectively. The extended µ-τ reflection transformation can be defined as
νeL → νceL , νµL → νcτL , ντL → νcµL ,
NxR → NcxR , NyR → NczR , NzR → NcyR . (12)
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This definition is not unique in the type-I seesaw mechanism. One can assume another generalized CP
transformation different from that in Eq. (12) in the right-handed neutrino sector NR. The different
generalized CP transformation just corresponds to a different choice of the right-handed neutrino
flavor basis, if there is no other special flavor structure imposed on the right-handed neutrino sector.
The Dirac mass matrix MD and the right-handed Majarana mass matrix MR invariant under the
above transformation must take the following forms:
MD ≡
 a b b∗b′ c d
b′∗ d∗ c∗
 , MR ≡
 A B B∗B C D
B∗ D C∗
 . (13)
Note that MD is not necessarily a symmetric matrix, where only a is real and b, b′, c, d are com-
plex. MR is a symmetric matrix in the same form as in Eq. (2), in which both A, D are real and
B, C are complex. The mass textures in Eq. (13) are the most general form invariant under the ex-
tended ν-τ reflection transformation. In the case that MR  MD, we integrate out right-handed
neutrinos and obtain the tiny masses for the left-handed neutrinos through the seesaw mechanism
Mν = −MDMRMTD.
In the following, we will prove that Mν satisifies the µ-τ reflection symmetry. Applying a similar
transformation as shown in Eq. (4), we derive
U†23MDU
∗
23 =
 a
√
2Im(b)
√
2Re(b)√
2Im(b′) Re(d)− Re(c) Im(c) + Im(d)√
2Re(b′) Im(c)− Im(d) Re(d) + Re(c)
 ,
U†23MRU
∗
23 =
 A
√
2Im(B)
√
2Re(B)√
2Im(B) D− Re(C) Im(C)√
2Re(B) Im(C) D+ Re(C)
 . (14)
Since both U†23MDU
∗
23 and U
†
23MRU
∗
23 are real, they can be diagonalized by real orthogonal matrices:
OTDU
†
23MDU
∗
23O
′
D = M̂D ≡ diag{k1m1, k2m2, k3m3} ,
OTRU
†
23MRU
∗
23OR = M̂R ≡ diag{K1M1, K2M2, K3M3} , (15)
where OD, O′D, OR are real orthogonal matrices, O
′
D is not necessarily equal to OD since U
†
23MDU
∗
23
may not be symmetric, mi, Mi are the absolute neutrino masses in the neutrino mass eigenstates, and
ki,Ki = ±1 are used to guarantee the mass eigenvalues mi, Mi to be positive, respectively. Finally, we
arrive at U†23MνU
∗
23 = M
′ with
M′ = −[ODM̂DO′DO−1R ]M̂−1R [ODM̂DO′DO−1R ]T . (16)
Since M′ is a real symmetric matrix, we can follow the procedure in the above and affirm that the µ-τ
reflection symmetry is preserved in Mν.
3 RG running effects of µ-τ reflection symmetry
3.1 General formulism
We assume that the µ-τ interchange symmetry in the neutrino sector is explicitly preserved as a
remnant symmetry after a certain flavor symmetry breaks at a sufficiently high energy scale Λ ∼ ΛFS.
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The neutrino mass matrix takes the form
Mν(ΛFS) = Msym,0 ≡
 a0 b0 b∗0b0 c0 d0
b∗0 d0 c∗0
 (17)
in the flavor basis, in which a0, d0 are real and b0, c0 are complex parameters. Without specified, any
parameter p0 or p?,0 in this paper stands for the running value at the scale ΛFS.
The RG equations of neutrino masses correct the structure of the neutrino mass matrix and break
the µ-τ reflection symmetry when the energy scale comes down. We write out the neutrino mass
matrix at the electroweak scale ΛEW in the integral form [26]
Mν(ΛEW) = Iα
 Ie 0 00 Iµ 0
0 0 Iτ
Mν(ΛFS)
 Ie 0 00 Iµ 0
0 0 Iτ
 , (18)
where
Iα = exp
[
− 1
16pi2
∫ lnΛFS
lnΛEW
α(t)dt
]
,
Il = exp
[
− C
16pi2
∫ lnΛFS
lnΛEW
y2l (t)dt
]
. (19)
In the SM and the minimal supersymmetric model (MSSM), C and α are given by
CSM = −32 , αSM ≈ −3g
2
2 + λ+ 6y
2
t ,
CMSSM = 1 , αMSSM ≈ −65g
2
1 − 6g22 + 6y2t , (20)
respectively, where g1,2 denote the gauge couplings, λ denotes the quartic Higgs coupling in the SM,
and yt, yl (for l = e, µ, τ) are Yukawa couplings of the top quark and charged leptons, respectively.
We see that in Eq. (18), Iα is an overall factor affecting the magnitudes of the absolute neutrino
masses, and Il are flavor-dependent corrections which may modify the mass structure and flavor
mixing. Due to the different signs of C in Eq. (20), the flavor-dependent corrections go to opposite
directions in the SM and MSSM. The Yukawa couplings ye, yµ are too small as compared with yτ, and
thus Ie and Iµ can be approximately set to be identities. We parameterize Iτ as 1+ e, where
e = Iτ − 1 ≈ − C16pi2
∫ lnΛFS
lnΛEW
y2τ(t)dt ≈ −
C
16pi2
y2τ,EWln
ΛFS
ΛEW
(21)
with yτ,EW being the τ-lepton Yukawa coupling at the electroweak scale. With the help of this
parametrization, we can divide Mν(ΛEW) into two parts: the µ-τ symmetric part Msym and the µ-
τ anti-symmetric part Masym, i.e.,
Mν(ΛEW) = Msym +Masym ,
Msym = Iα
 a0 (1+ e/2) b0 (1+ e/2) b∗0(1+ e/2) b0 (1+ e) c0 (1+ e) d0
(1+ e/2) b∗0 (1+ e) d0 (1+ e) c∗0
 ≡
 a b b∗b c d
b∗ d c∗
 ,
Masym = Iα
e
2
 0 −b0 b∗0−b0 −2c0 0
b∗0 0 2c∗0
 = e2
 0 −b b∗−b −2c 0
b∗ 0 2c∗
+O(e2) . (22)
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In the following, we will regard e as a small parameter and establish the corrections to neutrino
masses and mixing parameters through perturbation theory. Only the leading corrections in e will be
listed analytically. The µ-τ symmetric and anti-symmetric contributions will be calculated separately.
µ-τ symmetric corrections
Since Msym guarantees the µ-τ reflection symmetry, the specific values θ23 = 45◦, δ = ±90◦,
and ρ, σ = 0, 90◦ keep unchanged. We can use the diagonalization method given in section 2 for
both Msym and Msym,0. However, the RG running effect modifies the mixing angles θ12, θ13 and the
absolute neutrino masses mi at the energy scale ΛEW from their original values θ13,0, θ12,0, and mi,0 at
the scale ΛFS. To see the connections of these parameters between two energy scales, we first apply
the transformation of U23 and get two real mass matrices U
†
23MsymU
∗
23 and U
†
23Msym,0U
∗
23, each of
which can be diagonalized by a real orthogonal matrix, respectively. The two mass matrices must
satisfy the relation
U†23MsymU
∗
23 = Iα
(
1+
e
2
)
U†23Msym,0U
∗
23 +
e
2
−a 0 00 d− Rec Imc
0 Imc d+ Rec
 . (23)
The first term of the RHS in Eq. (23) corresponds to an overall factor Iα(1 + e/2) multiplying to
the absolute neutrino masses and have no influence on the mixing parameters, and the second term
may modify both masses and flavor mixing. Using the relation in Eq. (23) and taking e as a small
parameter, we can perturbatively obtain relations of the absolute neutrino masses between two energy
scales
m1 = m1,0 Iα
[
1+ e(1− c213c212)
]
,
m2 = m2,0 Iα
[
1+ e(1− c213s212)
]
,
m3 = m3,0 Iα
[
1+ ec213
]
. (24)
We also connect the mixing angles θ13, θ12 with θ13,0, θ12,0 as
θ13 = θ13,0 − e2c13s13
[
c212ζ
−ηρ
31 + s
2
12ζ
−ησ
32
]
,
θ12 = θ12,0 − e2c12s12
[
s213(ζ
−ηρ
31 − ζ−ησ32 ) + c213ζ
−ηρησ
21
]
, (25)
where
ζij =
mi −mj
mi +mj
, (26)
and ηρ and ησ take only two discrete values ±1. Note that all the mixing angles and mass parameters
in the RHS of Eqs. (24) and (25) should stand for the parameters at ΛFS and take the subscript “0”.
For those multiplied by e, since we list only the leading corrections, we can safely replace them with
the parameters at ΛEW and abandon the subscript “0”.
µ-τ anti-symmetric corrections
The RG-induced µ-τ anti-symmetric corrections is characterized by Masym. We do the following
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transformation for Masym and get an imaginary mass matrix
U†23MasymU
∗
23 = i
e
2
 0 −
√
2Reb
√
2Imb
−√2Reb −2Imc −2Rec√
2Imb −Rec 2Imc
 . (27)
We perturbatively diagonalize Mν(ΛEW) = Msym +Masym around the µ-τ symmetric part Msym, and
obtain
θ23 = 45◦ + ηδ
e
2
(
s212ζ
ηρ
31 + c
2
12ζ
ησ
32
)
,
δ = ηδ90◦ +
e
2
[
c12s12
s13
(
ζ
ηρ
31 − ζησ32
)
+
s13
c12s12
(
c412ζ
ησ
32 − s412ζ
ηρ
31 + ζ
ηρησ
21
)]
. (28)
The octant of θ23 depends on the sign of ηδ, e, and the neutrino mass ordering (i.e., the signs of ζ31
and ζ32). The correction θ23− 45◦ should be . 10% due to current neutrino oscillation data and & 1%
such that it can be measured in the future experiment. The Majorana phases are also corrected by e
ρ = arg
√
ηρ +
e
2
[
c213c12s12
s13
(
ζ
ησ
32 − ζ
ηρ
31
)
− s13s12
c12
(
ζ
ηρησ
21 − ζ
ηρ
31
)]
,
σ = arg
√
ησ +
e
2
[
c213c12s12
s13
(
ζ
ησ
32 − ζ
ηρ
31
)
− s13c12
s12
(
ζ
ηρησ
21 + ζ
ησ
32
)]
. (29)
We also calculate the corrections to θ12,0, θ13,0 and absolute neutrino masses from the µ-τ asymmetric
part, and find that they are in the order e2, which can be safely neglected.
Note that the RG-induced corrections to masses in Eq. (24) and mixing parameters in Eqs. (25),
(28), (29) hold only for eζ−1ij . 1. In other word, they become invalid if neutrinos have degenerate
masses with ζij . e. To be compatible with experimental data, the correction θ23 − 45◦ should be
. 10%, and thus the conditions ζ31 > e and ζ32 > e hold. However, we do not have such a constraint
on ζ21. In most cases, it is very tiny due to the degenerate masses m1 and m2, especially in the inverted
mass ordering, such that ζ21 . e is possible. Later we will see that it happens in some cases of the
MSSM with large tan β. Therefore, we should turn into the perturbative calculation with degenerate
eigenvalues, which can be divided into two pieces. We list their leading results in the following:
(A) ηρ = ησ = ±1.
Formulae of m3, θ23, θ13, δ, ρ and σ keep unchanged, but those of m1, m2 and θ12 are modified:
m1 =
1
2
(m1,0 +m2,0)Iα
[
1+
e
2
(2− c213)−
h
2
]
,
m2 =
1
2
(m1,0 +m2,0)Iα
[
1+
e
2
(2− c213) +
h
2
]
,
θ12 = θ12,0 − 12 arcsin
( e
h
c213 sin 2θ12,0
)
, (30)
where
h =
√
(ζ21 + ec213 cos 2θ12,0)2 + (ec
2
13 sin 2θ12,0)
2 (31)
is in the same order of e. We see that the correction to θ12,0 is not suppressed by e.
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(B) ηρ = −ησ = ±1.
This case is more complicated than (A). Only formulae of m3, θ23 and θ13 in the above are valid.
Those of the mass eigenvalues m1 and m2 are given by
m1 =
1
2
(m1,0 +m2,0)Iα
[
1+
e
2
(2− c213)−
√(
ζ21 +
e
2
c213 cos 2θ12,0
)2
+ e2s213
]
,
m2 =
1
2
(m1,0 +m2,0)Iα
[
1+
e
2
(2− c213) +
√(
ζ21 +
e
2
c213 cos 2θ12,0
)2
+ e2s213
]
. (32)
The leading order corrections to the other mixing parameters are expressed as
sin θ12 =
√
s212,0c
2
ϑ + c
2
12,0s
2
ϑ ,
tan δ = ηδ sin 2θ12,0 cot 2ϑ ,
tan ρ = (tan θ12,0 tan ϑ)ηρ ,
tan σ = (tan θ12,0 cot ϑ)ηρ , (33)
where
tan 2ϑ =
4es13
2ζ21 + ec213 cos 2θ12,0
. (34)
3.2 Basic features of the RG-induced µ-τ reflection symmetry breaking
The signs of the parameters ηδ, ηρ and ησ cannot be determined by the µ-τ reflection symmetry. In our
following discussion, we will choose ηδ = −1, since current neutrino data hint δ ∼ −90◦ [31, 32]. The
RG behavior in the case ηδ = 1 can be easily figured out with the help of the analytical expressions of
mixing parameters and neutrino masses. Then, there are 4 different cases:
case I , ηρ = ησ = 1 ;
case II , ηρ = ησ = −1 ;
case III , ηρ = −ησ = 1 ;
case IV , ηρ = −ησ = −1 .
The RG behaviors are different in these cases. From Eq. (28), we see that θ23 has the largest deviation
from 45◦ in case II, and δ may get larger deviation from −90◦ in cases III and IV due to the enhance-
ment of ζ−121 . Based on the analytical calculation in the above section, we will discuss the basic features
of the µ-τ reflection symmetry breaking in these cases in this subsection and the numerical result in
the next subsection.
The corrections to the mixing parameters are mainly dependent upon two sets of parameters: e
and ζij. In order to prove the µ-τ symmetry breaking from the RG evolution in the future neutrino
oscillation experiments, the relative corrections θ23 and δ in Eq. (28) should be in the order O(1%) or
even O(10%). In the standard model, the Yukawa coupling yτ is sufficiently small, yτ ∼ 0.01. If we set
the flavor symmetry breaking scale ΛFS below but very close to the canonical seesaw scale ΛFS ∼ 1014
GeV, we will get a very tiny e ∼ 10−5. Naively, we have two ways to enhance the corrections:
• One way is to enhance the mass parameters ζ−1ij . We show the magnitude of ζ−1ij as a function of
the lightest neutrino mass for both the normal mass ordering (NMO) and inverted mass ordering
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(IMO) in Fig. 1. For the lightest neutrino mass around 1 eV, ζ−121 gains a 5× 104 enhancement and
|ζ−131 |, |ζ−132 | gain 1.6× 103 enhancements, which are large enough for significant large corrections
to the µ-τ reflection symmetry in the SM. However, such large masses are not compatible with
the cosmological constraint. Planck sets the limit of the sum of neutrino masses less than 0.23 eV
at 95% [33], corresponding to the lightest neutrino mass . 0.07 eV. In this case, |ζ−131 |, |ζ−132 | . 10,
which are not big enough to contribute an observable correction to θ23 and δ. Moreover, which
parameters can get large corrections are strongly dependent upon the signs of ηρ and ησ, since
the corrections are always proportional to ζ±ηρησ21 , ζ
±ηρ
21 or ζ
±ησ
21 .
• The other way is to extend the standard model to some new physics, such as the supersymmetric
model and the more general two-Higgs doublet model [27]. Since charged leptons may couple
to a Higgs field different from the SM Higgs field, the magnitude of yτ could be much larger
than that in the SM. For example, in the MSSM, we have yτ ∼ 0.01× tan β. Given tan β = 30, e
can be enhanced by a factor of 302, i.e., e ∼ 0.01, and thus can reach the capability of the future
neutrino oscillation experiments. From the theoretical point of view, a large part of models have
been constructed in the framework of supersymmetry since it is helpful to solve the vacuum
alignment problem of flavon fields [34]. And models of generalized CP are usually realized
in the supersymmetry, for instance, see [17, 18, 21]. In the following, we will discuss radiative
corrections in the MSSM in detail.
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Figure 1: ζ−1ij as a function of the lightest neutrino mass m1 in the NMO or m3 in the IMO. ∆m
2
21 =
7.50× 10−5 eV2 and ∆m231 = 2.457× 10−3 eV2 for NMO (∆m223 = 2.449× 10−3 eV2 for IMO) from
global-fit data [32] have been used as inputs.
3.3 Numerical results
We perform the numerical illustration for RG corrections in the MSSM. We fix θ23 = 45◦, δ = −90◦,
ρ, σ = 0, 90◦, and keep m1, ∆m221, ∆m
2
31, θ12, θ13 as varying numbers at the flavor symmetry breaking
scale ΛFS. After the energy scale runs down to the electroweak scale ΛEW, we require all oscillation
parameters ∆m221, ∆m
2
31, θ23, θ13, θ12 should be compatible with the global-fit data in Ref. [31, 32] in 3σ
range. In order to see to what extent the µ-τ reflection symmetry is broken, we set tan β = 10, 30, 50,
with the results shown in Tables 1, 2, 3, respectively.
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Table 1: Radiative corrections of the µ-τ reflection symmetry in the MSSM with tan β = 10. We fix
θ23 = 45◦, δ = −90◦, ρ, σ = 0, 90◦, and relax m1, ∆m221, ∆m231, θ12, θ13 at the flavor symmetry breaking
scale ΛFS. After the energy scale runs down to the electroweak scale ΛEW, we require all oscillation
parameters ∆m221, ∆m
2
31, θ23, θ13, θ12 should be compatible with the global-fit data in Ref. [31, 32] in
3σ range.
MSSM, tan β = 10 Case I Case II Case III Case VI
NMO, m1 ∼ 0.05 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m1[10−2eV] 9.62 4.999 9.62 4.999 9.62 4.999 9.62 4.999
∆m221
[
10−5eV2
]
28.6 7.476 28.6 7.475 28.6 7.449 28.6 7.452
∆m231
[
10−3eV2
]
8.94 2.406 8.94 2.406 8.94 2.406 8.94 2.406
θ12[
◦] 33.5 35.96 33.5 35.97 33.5 33.51 33.5 33.50
θ13[
◦] 8.8 8.837 8.8 8.801 8.8 8.826 8.8 8.813
θ23[◦] 45 45.01 45 45.25 45 45.18 45 45.08
δ[◦] −90 −90.00 −90 −89.99 −90 −91.12 −90 −92.51
ρ[◦] 0 0.00 90 90.06 0 0.161 90 88.79
σ[◦] 0 0.00 90 89.98 90 89.39 0 178.05
MSSM, tan β = 10 Case I Case II Case III Case VI
IMO, m3 ∼ 0.05 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m3[10−2eV] 9.62 4.995 9.62 4.995 9.62 4.995 9.62 4.995
∆m221
[
10−5eV2
]
30.0 7.468 30.0 7.470 30.0 7.591 30.0 7.586
∆m223
[
10−3eV2
]
8.94 2.413 8.94 2.413 8.94 2.414 8.94 2.414
θ12 [
◦] 33.5 33.15 33.5 33.13 33.5 33.51 33.5 33.52
θ13 [
◦] 8.8 8.763 8.8 8.799 8.8 8.774 8.8 8.789
θ23 [◦] 45 44.99 45 44.76 45 44.83 45 44.92
δ [◦] −90 −90.00 −90 −89.95 −90 −94.06 −90 −92.70
ρ [◦] 0 0.00 90 89.99 0 178.28 90 89.63
σ [◦] 0 0.00 90 90.07 90 87.00 0 178.33
• For tan β = 10, the RG running effect is very weak, and the corrections to θ23 and the CP-
violating phases are less than 0.3◦ and 5◦, respectively. Since e < 0 and we have chosen ηδ = −1,
the octant of θ23 is dependent upon the neutrino mass ordering. As shown in Eq. (28), the NMO
corresponds to ζ31, ζ32 > 0, and θ23 belongs to the second octant (θ23 > 45◦). The deviation
of δ from −90◦ is in general dependent upon the cancellation of ζij. In cases III and IV, since
ηρ = −ησ and ζ−121  ζ−131 , ζ−132 holds in most cases, the corrections to δ are negative, and much
larger than those in cases I and II. RG behaviors of the Majorana phases are similar to those of
the Dirac phase.
• For tan β = 30, the deviation of θ23 can maximally reach 2.5◦. We remind that ζ21 and e are in
the same order in this scenario, such that the corrections to some of the mixing parameters can
be very large. In cases I and II, a large RG correction can push them to be compatible with data
even if θ12 is sufficiently small ' 11.4◦ at ΛFS, which is consistent with Eq. (30). In cases III and
11
Table 2: Radiative corrections of the µ-τ reflection symmetry in the MSSM with tan β = 30. The same
requirements are taken from Table 1.
MSSM, tan β = 30 Case I Case II Case III Case VI
NMO, m1 ∼ 0.05 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m1[10−2eV] 9.62 5.045 9.62 5.045 10.14 5.036 10.14 5.035
∆m221
[
10−5eV2
]
28.6 7.513 28.6 7.397 40.5 7.311 40.5 7.582
∆m231
[
10−3eV2
]
8.94 2.406 8.94 2.413 10.16 2.421 10.16 2.419
θ12 [
◦] 33.5 34.56 33.5 35.68 33.5 34.21 33.5 34.07
θ13 [
◦] 8.8 9.178 8.8 8.802 8.8 9.112 8.8 8.982
θ23 [◦] 45 45.06 45 47.51 45 46.78 45 45.78
δ [◦] −90 −90.02 −90 −89.93 −90 −102.81 −90 −115.54
ρ [◦] 0 0.00 90 90.59 0 0.970 90 77.70
σ [◦] 0 179.98 90 89.78 90 82.87 0 160.27
MSSM, tan β = 30 Case I Case II Case III Case VI
IMO, m3 ∼ 0.05 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m3[10−2eV] 10.14 4.991 10.14 4.988 10.14 4.989 10.14 4.990
∆m221
[
10−5eV2
]
71.8 7.398 71.8 7.191 46.2 7.627 46.2 7.217
∆m223
[
10−3eV2
]
9.82 2.392 9.82 2.399 9.82 2.429 9.82 2.424
θ12 [
◦] 11.4 33.70 11.4 33.30 33.5 35.18 33.5 35.62
θ13 [
◦] 8.8 8.426 8.8 8.782 8.8 8.588 8.8 8.742
θ23 [◦] 45 44.93 45 42.57 45 43.31 45 44.21
δ [◦] −90 −90.00 −90 −89.52 −90 −131.38 −90 −120.17
ρ [◦] 0 179.99 90 89.91 0 162.14 90 85.00
σ [◦] 0 0.01 90 90.72 90 59.76 0 161.55
IV, the deviation of the Dirac phase δ can be as large as 30◦ to 40◦, and the other CP-violating
phases also acquire large corrections, which are confirmed in Eq. (33).
• For tan β = 50, the large e leads to a large correction to the neutrino mass-squared difference
∆m221, which is not consistent with neutrino oscillation data, expect that the lightest neutrino
mass is small enough. In this scenario, we decrease the output lightest neutrino mass to ' 10−3
eV. The largest deviation of θ23 is around 4.5◦, and θ12 at ΛFS can be as small as 6.6◦, smaller
than θ13. There is no solution in cases III and IV for the IMO due to the large correction to ∆m221.
In short, we have found that radiative corrections in the MSSM have definite directions: θ23 > 45◦ in
the NMO and θ23 < 45◦ in the IMO, and the large correction to δ always results in δ < −90◦. It is
interesting to compare these results with current global analysis of neutrino oscillation data, where
the best-fit values for θ23 and δ are
θ23 =
{
48.9◦
49.2◦
, δ =
{
−119◦
−94◦
for NMO
for IMO
from [31] ,
θ23 =
{
42.3◦
49.5◦
, δ =
{
−54◦
−106◦
for NMO
for IMO
from [32] .
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Table 3: Radiative corrections of the µ-τ reflection symmetry in the MSSM with tan β = 50. In the last
two cases, there are no solutions to obtain correct values compatible with experimental data, so we
use “−” instead. The same requirements are taken from Table 1.
MSSM, tan β = 50 Case I Case II Case III Case VI
NMO, m1 ∼ 10−3 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m1[10−3eV] 2.8 1.002 2.8 1.002 2.8 1.002 2.8 1.003
∆m221
[
10−5eV2
]
61.08 7.494 61.08 7.450 61.08 7.492 61.08 7.479
∆m231
[
10−3eV2
]
20.2 2.410 20.2 2.425 20.2 2.410 20.2 2.414
θ12 [
◦] 33.5 34.46 33.5 34.31 33.5 34.11 33.5 34.12
θ13 [
◦] 8.8 9.094 8.8 9.138 8.8 9.080 8.8 9.034
θ23 [◦] 45 46.29 45 49.50 45 46.33 45 47.12
δ [◦] −90 −91.85 −90 −79.32 −90 −92.51 −90 −88.72
ρ [◦] 0 178.78 90 101.76 90 88.33 0 2.196
σ [◦] 0 178.19 90 100.06 0 177.62 90 91.22
MSSM, tan β = 50 Case I Case II Case III Case VI
IMO, m3 ∼ 10−3 eV ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW ΛFS ΛEW
m3[10−3eV] 2.9 0.999 2.9 0.998 —– —– —– —–
∆m221
[
10−5eV2
]
238.0 7.369 238.0 7.394 —– —– —– —–
∆m231
[
10−3eV2
]
20.2 2.424 20.2 2.424 —– —– —– —–
θ12 [
◦] 6.6 34.02 6.6 33.79 —– —– —– —–
θ13 [
◦] 8.8 8.534 8.8 8.555 —– —– —– —–
θ23 [◦] 45 43.41 45 43.28 —– —– —– —–
δ [◦] −90 −89.82 −90 −89.79 —– —– —– —–
ρ [◦] 0 179.84 90 89.83 —– —– —– —–
σ [◦] 0 0.34 90 90.38 —– —– —– —–
The future neutrino oscillation experiments will determine the neutrino mass order, the octant of θ23
and the Dirac phase δ. After that we will have more concrete ideas for the µ-τ reflection symmetry
and its breaking. For example, if the NMO, θ23 < 45◦ and δ close to but < −90◦ are finally verified,
we would conclude that the µ-τ reflection symmetry is an approximate symmetry, but there should
be another mechanism beyond radiative corrections in the MSSM to break it.
We have also performed the numerical illustration in the SM. Since e > 0 in the SM, we arrive
at θ23 < 45◦ in the NMO and θ23 > 45◦ in the IMO at ΛEW. However, to obtain sufficiently large
correction to θ23 around 0.5◦ to 5◦, the lightest neutrino mass should be around 1 eV. For mi . 0.07
eV, the RG-induced µ-τ reflection symmetry breaking is unobservable in the SM.
4 Conclusion
The µ-τ reflection symmetry can be regarded as an approximate symmetry due to its consistence
with current neutrino experimental data and convenience for model building. In this paper, we have
considered some basic properties of the µ-τ reflection symmetry and its RG-induced correction. We
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assume the µ-τ reflection symmetry as a remnant symmetry from an underlying family symmetry
broken at sufficiently high energy scale. After the energy scale runs down to the electroweak scale,
the µ-τ reflection symmetry must be broken due to the radiation corrections.
We prove that the exact µ-τ reflection symmetry guarantees θ23 = 45◦, δ = ±90◦ and ρ, σ = 0, 90◦.
In the seesaw mechanism, the µ-τ reflection transformation can be extended to the sector of right-
handed neutrinos. After right-handed neutrinos are integrated out, the left-handed neutrinos acquire
masses, and the µ-τ reflection symmetry is still preserved.
The radiative corrections to the µ-τ reflection symmetry can be divided into two parts: µ-τ sym-
metric and anti-symmetric parts. The µ-τ symmetric part modifies the values of neutrino masses
mi, the corresponding mass-squared differences ∆m221 and ∆m
2
31, and the mixing angles θ12, θ13, but
preserves the mixing angle θ23 = 45◦, the Dirac phase δ = ±90◦ and Majorana phases ρ, σ = 0, 90◦
explicitly. The µ-τ anti-symmetric part violates the µ-τ reflection symmetry. As a consequence, θ23
and δ deviate from 45◦ and ±90◦, respectively, both in the order of e. The Majorana phases ρ, σ also
gain corrections at the same level, but the corrections to absolute neutrino masses mi and mixing
angles θ12, θ13 are in general very tiny, in the order e2.
We point out that the RG-induced µ-τ reflection symmetry breaking is negligibly small in the SM,
but may be sizable in the MSSM depending on tan β. The octant of θ23 after radiative corrections is
determined by the neutrino mass ordering. θ23 > 45◦ for the NMO and θ23 < 45◦ for the IMO in the
MSSM if δ takes the value around its current best-fit result −90◦. The corrections to all CP-violating
phases δ, ρ, σ in case III and IV are negative and much greater than those in cases I and II for both
NMO and IMO. For large tan β, current data of θ12 could be an accidental result from a small angle
at the flavor symmetry breaking scale, even smaller than θ13. Since the deviations of θ23 and δ have
definite directions, they can be tested in the future neutrino oscillation experiments.
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